EQUIDISTRIBUTION AND GENERALIZED MAHLER
MEASURES

L. SZPIRO AND T. J. TUCKER

ABSTRACT. If K is a number field and ¢ : P}, — P} is a rational
map of degree d > 1, then at each place v of K, one can associate to
¢ a generalized Mahler measure for polynomials F' € KJt]. These
Mahler measures give rise to a formula for the canonical height
hy(B) of an element 3 € K; this formula generalizes Mahler’s for-
mula for the usual Weil height h(3). In this paper, we use diophan-
tine approximation to show that the generalized Mahler measure of
a polynomial F' at a place v can be computed by averaging log |F|,
over the periodic points of ¢.

The usual Weil height of a rational number z/y, where = and y
are integers without a common prime factor, is defined as h(z/y) =
max(|x|, |y|). More generally, one can define the usual Weil height
h((3) of an algebraic number 3 in a number field K by summing over
all of the absolute values of K. Mahler ([Mah60]) has proven that if
F is a nonzero irreducible polynomial in Z[t] with coprime coefficients
such that F(5) = 0, then

(0.0.1) deg(F)h(8) = /0 log | F(¢27)]do.

The quantity fol log | F'(e*™)|df is often referred to as the Mahler mea-
sure of F.

It is easy to see that h(3?) = 2h(3) for any algebraic number £3.
Similarly, it is easy to check that for any continuous function g on the
unit circle, we have

[ ot eian = [ gt
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Furthermore, the unit circle is the Julia set of . Thus, Mahler’s for-
mula says that one obtains the height of an algebraic number by inte-
grating its minimal polynomial against the invariant measure for ¢ on
the Julia set of ¢.

Now, let ¢ : PL — PL be any nonconstant rational map. Brolin
([Bro65]) and Lyubich ([Lyu83]) have constructed a ¢-invariant proba-
bility measure p, with support on the Julia set of ¢; Freire, Lopes, and
Mane ([FLM83]) have demonstrated that this measure is the unique
@-invariant probability measure j, with support on the Julia set of
@. When ¢ is defined over a number field K, Call and Silverman
([CS93]) have constructed a height function h, with the properties
that: (1) hy(p(x)) = (deg@)hy,(x) and (2) there is a constant C,, such
that|h(z) — h,(z)| < C, for all x € PL(K). In [PST04], it is shown
that Mahler’s formula (0.0.1) generalizes to the adelic formula

deg F)h,(z) = / log |F|, djte v,
e = [ el

places v of K

where [ is an algebraic point, F' is a nonzero irreducible polynomial
in Q[t] such that F(8) = 0, the measure y,,, at an archimedean place
is the p-invariant probability measure constructed by Brolin and Lyu-
bich, and the integral [5 c.) 108 |F'|, dpiy., at a finite place v is defined
analogously to the integrals at the archimedean places.

Lyubich [Lyu83] has also proven that for any continuous function g
and any archimedean place v, the integrals fﬂn (©) gdji,, can be com-
puted by averaging g on the periodic points of ¢; that is to say,

1
0.0.2 lim — g(w —/ gdpig .
(002) i g >0 g = [ gd,

Autissier (JAut01]), Bilu ([Bil97]), Szpiro, Ullmo, and Zhang ([SUZ97)),
and others have obtained generalizations and variations of this re-
sult. The most recent generalization, proven independently by Baker
and Rumely ([BRO05]), Chambert-Loir ([CL04]), and Favre and Rivera-
Letelier ([FRL04b] and [FRLO04a]) states that (0.0.2) continues to hold
when the periodic points w such that ¢*(w) = w are replaced by the
conjugates of any infinite nonrepeating sequence of algebraic points
with height tending to 0 and when the measure p,, is a @-invariant
measure on the v-adic Berkovich space (see [Ber90]) for a finite place
.

The function log |F'|, for F' a polynomial, is not continuous, of course.
Thus, the equidistribution results cited above do not allow us to com-
pute Mahler measures by averaging log | F'| over points of small height.
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One can, however, show that for any 5 € Q, we have

1
(0.03) [Q(8) : QA(3) = Jim = 3~ log|FO] = [ log|P(e*)(an,
gn=1
where F'is a nonzero irreducible polynomial in Z[t] with coprime coef-
ficients such that F'(3) = 0 (see [EW99, Chapter 1], [Sch74]). Everest,
Ward, and Ni Fhlathiin have proved similar results for maps that come
from multiplication on an elliptic curve ([EW99, Chapter 6], [EF96]).
The proofs of these results make use of the theory of linear forms in
logarithms ([Bak75], [Dav95]), which is used to show that the periodic
points of the maps in question have strong diophantine properties. It
is not clear how to apply the theory of linear forms in logarithms in the
case of more general rational maps. In this paper, we use Roth’s Theo-
rem ([Rotb5]) from diophantine approximation in place of the theory of
linear forms in logarithms. This allows us to work in greater generality.

0.1. Statements of the main theorems. The main results of this
paper are generalizations of (0.0.3). Let K be a number field or a
function field of characteristic zero, let v be a place of K, and let
¢ : Pl. — P} be a nonconstant rational map of degree d > 1. We
prove the following equidistribution result for the periodic points of .

Theorem 4.6. For any nonzero polynomial F with coefficients in K,
we have

1
log |Fly dpig = lim — log |F'(w)),-
/P - 0g |Flu dpy,p = lim — > log|F(w)|

@* ([w:1])=[w:1]
F(w)#0
This allows us to show that for any point 3 € K, the canonical height
h,(B) can be computed by taking the average of the log of the absolute
value of a minimal polynomial for 3 over the periodic points of ¢.

Theorem 4.9. For any 3 € K and any nonzero irreducible F € K|t]
such that F(B) = 0, we have

(deg K)(deg F)(hcp(ﬁ> - hw(oo))

= Z lim % Z log | F(w)]s.

k—o0
places v of K ©* ([w:1])=[w:1]
F(w)#£0
In both the theorems, the w are counted with multiplicity. We ex-
plain what multiplicity means in this context in Section 1.
We are also able to prove that [5 ©,) 108 |F|y dpty,p is the limit as n

goes to infinity of the average of log|F|, on the points w for which
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©"(w) = «, where « is an algebraic point that is not an exceptional
point for ¢. We state this in Theorem 4.5. This enables us to prove
Theorem 4.8, which is the analog of Theorem 4.9 for the points w such
that ¢"(w) = a.

0.2. Outline of the paper. This paper is organized as follows:

1 - Notation and terminology.

2 - Brolin-Lyubich integrals and local heights.

3 - Preliminaries from diophantine approximation.

4 - Main results: 4.1 - Using Roth’s Theorem; 4.2 - Preperiodic
points; 4.3 - Proofs of the main theorems.

5 - A counterexample.

6 - Applications: 6.1 - Lyapunov exponents; 6.2 - Symmetry of canon-
ical heights; 6.3 - Computing with points of small height.

The strategy of the proof of the main theorems is fairly simple. By
additivity, it suffices to prove our results for polynomials of the form
F(t) =t— (g for § € K. After Section 2, we are reduced to showing
that

(0.0.4)
o i T8 (P8, Dl [Qu(, D)
fog 2 logho=fl=lin @
" (fw:1]) =fw:1]
w#f3
i P01 QU010

where ¢* is written as
@k([To 1)) = [Pe(To, Th) = Qr(To, T1))

for homogeneous polynomials P, and @, in the K|[Tj, T1]. The points
w for which ¢*(w) = w are just the solutions to the equation Py, (w, 1) —
wQk(w,1) = 0. Thus, we get the left-hand side of (0.0.4) by taking
the limit of log | Py(8,1) — BQk(3,1)|./d* as k goes to co. For each k,
we rewrite this as

Py (5,1)
log |Qk(8,1)],  logl5rGTy — Blo
i + d*

and use diophantine approximation to show that the second term in the
equation above usually goes to 0 as kK — oo; our theorems then follow
after a bit of calculation. The diophantine approximation result we use
is Roth’s Theorem, which we state in Section 3 as Theorem 3.1. We
use Roth’s Theorem to derive Lemma 4.1, which is the key lemma in
our proofs of the main theorems. The idea for the proof of Lemma 4.1
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comes from Siegel’s famous paper [Sie29]. Propositions 4.3 and 4.4 deal
with the additional complications that may arise when the 5 in (0.0.4) is
preperiodic. These complications are overcome with somewhat lengthy
— but essentially basic — calculations that are very similar to some of
the computations carried out by Morton and Silverman in [MS95].

In Section 5, we construct a simple counterexample that shows that
Theorem 4.6 will not hold in general when the polynomial F' does not
have algebraic coefficients. We construct a transcendental number (3
such that the limit limy_. 5 >y log|§ — | does not exist. This
means that there is no way to prove the main results of this paper
without using some special properties of algebraic numbers.

Acknowledgments. We would like to thank M. Baker, A. Chambert-
Loir, L. DeMarco, R. Rumely, and S. Zhang for many helpful conversa-
tions. In particular, we thank M. Baker, L. DeMarco, and R. Rumely
for suggesting some of the applications mentioned in Section 6. 6.

1. NOTATION AND TERMINOLOGY

We fix the following notation:

e K is a number field or a function field of characteristic 0 (by
function field we mean a finite algebraic extension of a field of
the form Kons(7T') where K o5 is algebraically closed in K);

v is a place of K;

K, is the completion of K at v;

C, is the completion of an algebraic closure of K, at v;

K is the algebraic closure of K in C, (note that this means
that v extends to all of K);

e n, =[K,:Q,] if K is a number field;

e n, = 1 if K is a function field;

o deg K = [K : Q] if K is a number field;

e deg K =1 if K is a function field.

We let | - |, be an absolute value on C, corresponding to v. When
K is a function field and m, generates the maximal prime M, in the
local ring O, corresponding to v, we specify that

’ﬂ.’u |U — e*[(OU/M'u):Kcons] ,

where K., is the field of constants in K. When K is a number field
and v is nonarchimedean, we normalize | - |, so that

— T

plo =p
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when v lies over p. When K is a number field and v is archimedean we
normalize so that |-|, = |-|"™ on Q, where |- | is the usual archimedean
absolute value on Q.

Throughout this paper, we will work with a nonconstant morphism
@ : PL. — PL of degree d > 1. We choose homogeneous polynomials
P,Q € K[Tj, Th] of degree d and a coordinate system [s : t] for P such
that

o([To : Th]) = [P(To, Th) - Q(To, Th)],
where P and @ have no common zero in P'(K). We let P, = P and
Q1 = Q, and for k > 2 we define P, and @), recursively by
Py(To, Th) = Py1 (P (1o, T1), Q(To, T1))

and
Qk(T07 Tl) = Qk—l(P(T07 T1)7 Q(T07 Tl))
Having chosen coordinates, we can define the usual Weil height as

1

h([a : b]) = dog KK Z log max(|al,, [b],)

places v of K

when a,b € K. When a and b lie in an extension L of K, this definition
extends to

(1.0.5)
1
h([a :b]) = L, : K, ws [0lw);
(o) = g 2 o Kollogmax(lalu, bl)
places w of L
where L, is the completion of L at w and the absolute value | - |,

restricts to some |- |, on K.
As in [CS93], we define the canonical height h,, as

h(o*([a: b
(1.0.6) hola: 1)) = lim w.

We say that o € P}(K) is a periodic point for ¢ if there exists a
positive integer n such that ¢"(a) = a. If « is periodic, we define the
period of a to be the smallest integer ¢ such that p’(a) = a. We
say that « is preperiodic if there exists a positive integer n such that
©"(«) is periodic.

We say that o € P}(K) is an exceptional point for ¢ if p?(a) = a
and ? is totally ramified at a. This is equivalent to saying that the
set Up;(¢") 7 () is finite. If o is exceptional, then at each place v,
there is a v-adically open set U containing « such that the sequence
(¢ (B))x converges to « for each 8 € U, where ¢ is the period of
(which is either 1 or 2). We call U the attracting basin of .
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We always count points with multiplicities in this paper. The multi-
plicity of a point [z : 1] in the multi-set {w | ©*(w) = w} is the highest
power of t— z that divides the polynomial Py (¢, 1) —tQx(,1). The mul-
tiplicity of a point [z : 1] in the multi-set {w | ¢*(w) = [s : u]} is the
highest power of ¢ — z that divides the polynomial uPy(t,1) — sQx(t, 1)
(here s, u, and z are taken to be elements of K, while ¢ is taken to be
a variable).

We note that everything done in this paper depends upon our choice
of coordinates. In particular, our integrals are closely related to the
canonical local heights (see [CG97]) for the point [1 : 0] at infinitely,
so our choice of the point at infinity affects all of our integrals. To
emphasize the fact that we treat [1 : 0] as the point at infinity, we
denote it as oo where appropriate.

2. BROLIN-LYUBICH INTEGRALS AND LOCAL HEIGHTS

As noted in the introduction, Brolin [Bro65] and Lyubich [Lyu83|
have constructed a ¢-invariant measure p,,,, with support on the Julia
set of ¢, when v is an infinite place. Similarly, Zhang ([Zha95]) has
constructed a distribution ., which extends to the measure of Brolin
and Lyubich, as is shown in [PST04, Section 7]. Zhang also shows
that that for any polynomial F, the integral [5, (©) 108 |F'|, dptg,, exists.
With this notation, we have the following.

Proposition 2.1. Let v be an infinite place of a number field K and
let F(t)=t—( for g € C,. Then

1 P Do, , Dy
/ log|F’vd,U¢,y — hm OgmaX(’ k(ﬁ7 k)| |Qk(ﬁ )| )
(211) PL(Cy) k—oo d
iy 08 maX(| P (1, 0o, [@r(L, 0))
J— 1m .
k—oo dk
Proof. We use limits of metrics as in [Zha95, Section 2|. Let || - |0,
be the metric on Opi(1) such that for any section ¢ = aTy + 017 of
Op1 (1), we have ||[€([s : u])||o, = % Let f be the isomorphism

between ¢*Opi(1) and Opi(d) given by f : ¢*Ty — P(Ty,T1) and
f 9T — Q(Ty,T1). Then, if we define || - ||, = fo*] - Hi/_':llw for
n > 1, the metrics || - ||, converge to a metric || - ||,., which does not
depend on our original choice of || - [[o,,, by [Zha95, Theorem 2.2]. It is
easy to check that for any global section ¢ = aTy + b1} of Opi(1), we

have

(2.1.2) 1€([s : u])]|pp = lim las + bul,
k—o0 max (|Pk(8, U)|v, |Qk(8, u)|v)

1/dr "
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Now pick a section ¢ = Ty + b1} that does not vanish at [1 : 0]

or [ : 1]. Note that || - ||, is also a limit of smooth metrics; for

example we can define || - ||y, to be the Fubini-Study metric, and let
. —ddlog |-

Il = Fe - 13/ .- Then we have dp, = T~y 12, s0

we have
/1( )log |Fludpig,n = log |[F'(=b)], —log [[£(3,1)]4. + log [[£(1,0)][ 4.0,
P1(C,

by [PST04, Proposition B.2] (see also [Lan88, Lemma 2.1.1, pp. 22-23]).
Plugging (2.1.2) into this equation gives

(2.1.3)
/ log | F'|,djty,, = log |F'(=b)],
P1(Cy)

— lim log ( 16+ B, 1/dk>
k—00 max (|Px(3, o, [Qx(8,1)v)

Ly
—i—limlog( 1 1/dk>'
koo max (| P.(1,0)|,, |Qx(1,0)],)
We also have |F(=b)|, = | —b— (|, so log |F(—b)|, — log |3 + b|, = 0.
Thus, (2.1.3) simplifies to (2.1.1), as desired. O

This leads us to the following more general definition for any place
.

Definition 2.2. Let v be a place of K. Let F(t) = v[[._,(t — 53),
where 7, B1, ..., B € C,, be a polynomial in C,[t]. We define

(2.2.1)

n 1 PL(B:,1 Vs i,l v
[ onPlig, = 37 i 2EmL l [0u5 D))
P1(Cy)

=1 hveo dk
1 P(1,0)|,, 1,0)|,
i BT Ol QUL

This definition is equivalent to Definition 5.2 of [PST04] when ¢
fixes [1 : 0]. Baker and Rumely ([BRO05]), Chambert-Loir ([CL04]), and
Favre and Rivera-Letelier ([FRL04b] and [FRLO0O4a]) have shown that
there is a measure y,,, on the Berkovich space (see [Ber90]) correspond-
ing to P*(C,) that gives rise to these integrals. Note that although our
integrals are defined for points in C,, the results we prove in Section 4
apply only to points in K.
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Call and Goldstine ([CG97, Theorem 3.1]) have shown that

heal[3: 1]) = lim log max(\Pk(@Cllk)\v, Qu(3, 1))

is the unique Weil function for [1 : 0] at v (see [Lan83, Chpater 10] for
a definition of Weil functions) that satisfies

Q(a, b)
bn

hoo(p(la: B])) = dhg,([a: b]) +log

Y
v

for any b # 0 (see [CG97, Theorem 2.1]). The function h,,(-) is called
a canonical local height for .

3. PRELIMINARIES FROM DIOPHANTINE APPROXIMATION

The following well-known theorem of Roth is the principal tool from
diophantine approximation that is used in this paper.

Theorem 3.1. [[Rotb5]] If a € C is algebraic over Q, then for any
e > 0, there is a constant C' such that

C

o= 41> g
|b|2+6

for all a/b € Q such that a/b # o.

We will need to work in slightly generality. In the terminology of
the previous section, Roth’s admits the following generalization (see
[Lan83, Theorem 7.1.1]), which holds when K is number field or a
function fields of characteristic 0.

Theorem 3.2. Let oy, ..., o, be elements of K and let L C K be a
finite extension of K. Then, for any € > 0, we have

1
[L: K](deg K

5 D max(0, ~ log o — AL ) < (24 h() +0(1),
=1

for all B € L not in the set {aq, ..., o}

We will work with divisors on IP’% rather than elements of K. For a
divisor D = " m;a;, where a; € PL(K), we define

r(D) = miax(mi).

Lemma 3.3. Let D be a divisor such that Supp D does not contain

any exceptional points of . Then limy_, m@i# =0.
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Proof. Recall that « is an exceptional point if and only if p?(a) = «
and ¢ is totally ramified at both o and (). Since ¢ has at most two
totally ramified points, it follows that if « is not exceptional, then one
of a, p(a), and *() is not a totally ramified point of . Thus, for
any divisor E such that Supp F does not contain an exceptional point,
r((¢*)*E) < d*(d — 1)r(E). Now, since Supp D does not contain an
exceptional point, Supp(*)*D does not contain an exceptional point
r((¢*)*D)

for any k. Thus, for any k > 0, we see that —+/— is less than or equal

to ((d —1)/d)*=2/3¢(D), which goes to zero as k goes to infinity. [J

Let [a : 1] be a point in P*(K). Then for any [b : 1] # [a : 1] in
PY(C,), we let

Aa:1]0([0 1 1]) = max(—log |b — al,, 0).
We extend this definition to the point at [1 : 0] by letting
Aas1)w([1:0]) = 0.
and
Ait:0),0 ([0 = 1]) = max(0, log |b],).
Let D =" m;a;, where o; € PL(K) and m; € Z. We let

>\D,v<ﬁ) = Z mi}‘ai,v (5)

for points 3 € P!(C,) that are not in Supp D. Then \p, is a Weil
function for D at v as defined in [Lan83, Chapter 10]. It is easy to
check that for any divisor D and any rational map ¢ on P!, we have

(3.3.1) Apw(#(B)) < Apepo(B) + O(1),

for all 3 € P'(K) away from the support of D and ¢*D. This is a
general functorial property of Weil functions, as explained in [Lan83,
Chapter 10].
With this terminology, it follows from Theorem 3.2 that for any
e > 0, any finite extension L of K, and any positive divisor D on
P!(K) with (D) = 1, we have
1
[L: K](deg K)

Apo(B) < (2+)h(B) +O(1)

for all 3 € PY(L) away from the support of D. Hence, for any positive
divisor D we have

1
[L: K](deg K)

(3.3.2) Ap(B) < r(D)(2 + h(B) + O(1).
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4. MAIN RESULTS

4.1. Using Roth’s Theorem. Roth’s Theorem allows us to prove
the following lemma. The idea of the proof is that if ***(3) approx-
imates D very closely, then ¢*(3) approximates (¢°)*D very closely.
Since ©*(/3) has height approximately equal to 1/d* times the height of
©FT(B), this makes h(¢*(3)) small relative to A(,e)p(3). Repeating
this for infinitely many ¢*(/3) gives a contradiction to Roth’s Theorem.
This idea is due to Siegel ([Sie29]).

Lemma 4.1. Let D be a positive divisor on P! such that Supp D does
not contain any of the exceptional points of . Let 3 be a point in P'(K)
for which there is a strictly increasing sequence of integers (e;)2, such
that ©*(B) ¢ Supp D. Then

(411) ZILI& )\Dﬂ}(:;?(ﬁ))

Proof. Let L be a finite extension of K for which § € P'(L). Choose

0 > 0. By Lemma 3.3, we may pick an integer ¢ such that w <

= 0.

d/2. We may then write % = ¢ for some € > 0. For any e;, we

have ©%~*(3) ¢ Supp(¢*)*D since ¢%(3) ¢ Supp D. Thus, applying
Roth’s Theorem (as expressed in (3.3.2)), we find that for all e; we have

R e pe (T (8) < H(( D)+ (3)+01).

Using (3.3.1) and the fact that h(¢%(3)) < d*h,(p%~4(3)) + O(1), we
then obtain

1 1
TR ) S e e ) +00)
< r((¢)*D)(2 4 €)h(e“H(B)) + O(1)
r((¢°)*D)(2 +¢)

h(¢%(8)) + O(1)
< 0h(p”(B)) +0O(1)
< 0d°h(B) + O(1).
Dividing through by d® gives
lim sup Ap,w(°(3))

1—00 dei

Since Ap (% (5)) > 0, letting 6 go to zero gives (4.1.1), as desired. O

< [L : K](deg K)Sh(3).

This allows us to prove the following Proposition, which will be used
to prove Theorems 4.5 and 4.6.
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Proposition 4.2. Let a = [s : u] be a nonexceptional point in P*(K).
Let 3 = [a : b] be a point in P1(K) for which there is a strictly increasing
sequence of integers (e;)2, such that ¢ (3) # a. Then

lim log [ul%,(a,b) — sQe,(a, )], — lim log max(| P, (a, b) v, |Qe,(a; b))

i—00 dei i—00 dei

Proof. If [1 : 0] is an exceptional point of ¢, let U be its attracting
basin; if [1 : 0] is not exceptional let U simply equal {[1 : 0]}.

Let (¢;)32, be the subsequence of (e;):2; such that % (5) ¢ U for all
J (this subsequence may be empty). We have

i 198 1P%,(a,0)/Qy (a, b)|
im .

421
(4.2.1) lim 7

Y =0.

If [1: 0] is not exceptional, this follows from Lemma 4.1 with D = [1 :
0]. If [1 : 0] is exceptional, the fact that ¢%(3) ¢ U for all j implies
that Py, (a,b)/Qe,(a,b)|, is bounded for all j, so (4.2.1) clearly holds.
It follows immediately from (4.2.1) that

1 Py b Vs ) ’b v ) 1 _ ,b "
(122) i BRI Dl Qo0 IN) _ 08 [Qufe Dl
j—o0 dfj 00 dg]

Note that if u = 0, then

ubPy;(a,b) — sQ,(a,b) = 5Qy,(a,b),

so we are done. Otherwise, by Lemma 4.1, we have

Py (a,b)
o omax (O, — log —QZ @b " n U)
jhjgo dbi =0

Combining this with (4.2.1), we see that

Pg.(a,b) s
IOg QZJ] (avb) - a v

li =0.
JEEO di
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Thus, using (4.2.2), we obtain
. log|uPy,(a,b) — sQq,(a,b)l,
lim

j—o0 dgj

mQ%@wmn
= lim

j—00 dzj

lo

_log|Q(a,b)|, . 108

= lm —— 7 —— + lim &
Togmax(|Py, (@, D)}, 1@, 0. D)].)

j—00 dzj

Plj (avb) s
QZJ- (avb) u

)
ng (a,b)

g S

Qe;(ad) — ul,

’

as desired.

Now, let (m;)32; be be the subsequence of (e;)2; consisting of all
integers such that ¢™i(3) € U (this subsequence may be empty). If
a = [1:0], then [1 : 0] is not exceptional by assumption, so there are
no m; and we are done. Otherwise, we have

i [9mi(@ D)l _
=00 [uPp,(a,b)], ’

which means that
. log|uP,, (a,b) — sQp,.(a,b)l,
lim : &
j—00 dmi
. log|uP,, (a,b)l,
= lim !
j—00 dmj
. log max(| Py, (@, b)lv, [Qm;(a, b))

Jj—00 dmj

(e.)
j=1

o0

Since every element of the sequence (e;); is in (¢;) 21

this completes our proof.

or (m;)

4.2. Preperiodic points. Proposition 4.2 provides all the information
we need when ¢*([a : b]) = [s : u] for at most finitely many k. When
[s : u] is preperiodic, however, there may be infinitely many & such that
©*([a : b]) = [s : u]. New complications arise when this is the case; we
treat these complications in Propositions 4.3 and 4.4.

Suppose that (b7 — aT})™* is the highest power of (b7 — aT}) that
divides uPy(Ty, Ty) — sQx(To, T1) in K[Tp, Th]. We write

uPy(To, Th) — sQx(To, Th) = (bTo — aT1)"* Gy (T, Tr)
where G}, is a polynomial in K [Ty, T}] such that Gy (a, b) # 0.
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Proposition 4.3. Let [s : u] be a nonexceptional point of ¢. Then,
with notation as above, we have

. logle<a7b)|v T 1OgmaX(|Pk(a’ b)|vv |Qk(a’ b)|v)
e " |

Proof. By Proposition 4.2, equation (4.3.1) holds if we restrict to the k
for which ¢*([a : b]) # a. If there are at most finitely many & such that
©*([a : b]) = a, we are therefore done. Otherwise, let j be the smallest
positive integer such that ¢/([3 : 1]) = a and let ¢ be the period of
a. Then @*([3 : 1]) = « precisely when k is of the form j + mf for
some integer m > 0. If ¢*([s : u]) = [s : u], then uTy — sT} divides
UPg(Tm T1> — SQ[(T(), Tl)

Suppose that u # 0. Then, expanding (), out in the variables
uTy — sT7 and T7, we see that since uTy — sT cannot divide Q,(Tp, 11)
(because if it did, then it would also divide P,(7p,77) and we know
that (), and P, have no factors). Hence, we have

Qu(Ty, T1) = goT + (uTy — sTV)W (Ty, Ty)

for some nonzero gy € K and some W (Ty,T1) € K[Ty,Ti]. For any
m > 0 we thus have

Qume = 90(Qum-10)" + (P10 — $Qum-1)0)W (Prm-1)6 Qo 1)¢)-
Using induction, we see then that
(432)  Que(To,T1) = g “T8™ 4 Ty — sTO)Win(To, Th),
for some polynomial W,,(Ty, Ty) € K [Ty, Ty). Similarly, we may write

UP€<T0>T1) - SQZ(T(];Tl)

4.3.3
( ) = (UT() — STl)TfrTldir + (’LLTO — STl)rJer(To, Tl))

for some nonzero f,. € K, some integer © > 0, and some V(Tp, T}) in
K|[Ty,T1]. Then for any m, we have

Ul — $Qme = (uPim—1)¢ — $Qm-1)¢)" fr ‘(i;f_l)g
+ (Pen-1y¢ = 5Qm-10)""V (Pim-1)6: Qm-1y0),
so, using (4.3.2), (4.3.3), and induction, we obtain
UPpo(To, T1) — 5Qme(To, T1)
(4.3.4) (T — sTy)" o Tt goz?so%dw—ri)
+ (uTy — sTh)"" ' Zo (To, Th),



EQUIDISTRIBUTION AND GENERALIZED MAHLER MEASURES 15

for Z,, a polynomial in K[Tp, T1]. Since r < d*, we have

mo Ly m—1(git_pi m—1 jie
OB T T, ol Ty log lgol
m—o00 dm€ o dmf dﬁ ] .

Now, let € be the highest power of a1y — b7} that divides uP; — sQ);.
Using (4.3.4), we see that we have

UP; e (To, Ty) = 8Qjame(To, Ty) = (bTo — aTy)"" Gyme(To, T1)

for a polynomial G e € K[Ty,T1]. Letting m go to infinity, we see
from (4.3.4) that

. log|Gjyme(a,b)]y _ log [gol. log [Q;(a, )],
nlljgo di+me B di(dt —1) T dJ '

Similarly, (4.3.2) yields

lim lOg ‘Qj—i—mK(a? b)‘v _ IOg |90|v IOg |QJ (aa b)|v

Moreover, since uPjme(a,b) = sQjime(a,b) for every m, we have

log | Pjme(a, D), log |Qj4me(a, b) |,

- ditmt = Jim ditmt
Hence
. log |Gj+m€<aa b)‘v . log maX(‘]Dj+mg((I, b)|va |Qj+m€(a’ b)|v)
Jim ditme = lim di+me ’

which completes our proof in the case u # 0. The proof in the case
u = 0 proceeds in exactly the same way, using Ty in place of T7.
O

We have a similar result for the polynomials Ty P, — T1 Q. We write
ToP(To, Th) — ThQ(To, Ty) = (bTy — aTh)™ Hy (T, Th)

where H}, is a polynomial in K [Ty, T3] such that Hy(a,b) # 0. The proof
of the following proposition is similar to Morton’s and Silverman’s proof
of [MS95, Lemma 3.4], but it requires a bit more detail since it yields
information about Hy(a,b) as well as ny.

Proposition 4.4. With notation as above, we have

log [H(a,b)l, . logmax(|Py(a,b)].. |Qu(a,b)].)
(441) - lim —=—p—— = lim "

Furthermore, ny, remains bounded as k goes to infinity.
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Proof. 1f (e;)2, is a strictly increasing sequence of integers such that
% ([a : b]) # [a : b] for each e;, then

He (To, Tl) = TOPei(T(J?Tl) - TlQei(Tm Tl)

for all e;. Hence, by Proposition 4.2, we

i 108 0.0 _ , logmax(Fa Dl Qu (0.0))

If [a : b] is not periodic, this finishes the proof. Thus, we may assume
that [a : b] is periodic. The rest of the proof is a computation. We
divide it into three steps.

Step I. We begin by changing variables so that [a : b] becomes [0 : 1].
If b =0, we write Uy = Ty /a and Uy = —Ty. We then let

1
R(Uy, Uh) = EQ(TO,TQ
and

S(Uo,Uh) = —P(1o, Th)

(this is simply the inverse of the transformation we defined on Tj and
T — our change of variables is obtained by conjugation by a change-of-
basis matrix). If b # 0, we write U; = %Tl and

U[) = bTO - &Tl.
We then let S(Uy, Uy) = Q(Tp,T1)/b and
R(UQ, Ul) = bP(To, Tl) - CLQ(To,Tl).

We define Rj and Sy, recursively by letting Ry = R, S; = .5, and setting

Rk+1(U07 Ul) = Rk(R<U07 U1>7 S(U07 Ul))
and

Sk+1(Uo, Ur) = Sk(R(Uo, U), S(Uo, Ur)).
By the construction of our change of variables, we have

(4.4.2) Uy Ri(Uy,Uy) — UpSk(Uo, Uy) = To P (1o, 1) — T1Qr (1o, T1)

as polynomials in Ty and T;. Hence, if Uy* is the highest power of Uy
that divides Uy Ri(Uy, Uy) — UoSk(Up, Uy) and 7y is the coefficient of the

U UL =™ term in Uy Ry(Uy, Uy) — UpSi(Us, Uy), then
Tk = Hk(a, b)
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Now, let ¢ be the smallest positive integer for which ©‘([a : b]) =

[a : b]. Note that |Sy(1,0)], = L=l if b £ 0 and [Su(1,0)],

| Ppe(a, b)|,/|al, otherwise. Since
[Prc(a,8) s Quus(a, )] = o+ 1]
for every m, it follows that

o 10880, D) logmax(|Pua Dl |@ne(a, )

m—00 dmt m— oo dmt

Thus, it will suffice to show that

l 1 1
(4.4.3) i (081 Tmelo o108 Sime(0, Dl

m— 00 damt m— 00 qdmt

We write
Ry(Uy, U7) ZfZUOUf‘ '
(note that Uy divides R, by our change of variables) and
Se(Us, Uy) Z giUiUE ",

Using induction, we see that

m 1 WA m
Roe(Uo, Uy) = fge™= 7" UUE™ =1 (mod U2)
and .
Sne(Uo, U1) = = Y U™ (mod U2).

Thus, we have
UrRyne(Up, Ur) — UpSime(Up, Un)

— g " (fufgo)™ — DOUE™ (mod UZ),

Step II. We will now treat the m for which (f1/go)™ # 1 We have

[log [(f1/g0)™ — 1o < h((f1/g90)™ — 1) < 2m[K(f1/g0) : K]h(f1/g0)

for all m such that (f1/go)™ # 1 (this is a simple version of Liouville’s
theorem), so

(4.4.4)

dmé

i 108 (f1/90)™ =1,
m—00 dmé
(f1/90)™#1
Thus, dividing (4.4.4) through by Uy, we obtain

= 0.

it
i 108 |Tmel _ . loglgy ™ o 108 |Sme(0, Dl
m-—o00 dmé - m— 00 dmﬂ - Mmoo dmg s

(f1/g90)™#1
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as desired.

Step III. We are left with treating the m for which (f1/go)™ = 1.
Let p be the smallest positive integer m such that (fi;/go)™ = 1 and
write w = pf. For ¢ > 1 we write

da¥

qw U07 Ul qu]Uo dq“’—i

(the summation starts at 1 since U, divides R,,) and

e

Sew(Uo, Un) Zy[q]Ulqu -

Since f{ = ¢f by assumption, we have yo] = :vl by (4.4.4). Multi-
plying R, and S, through by a constant will change all of the limits
we are calculating by the same fixed amount, so we may assume that

y([)l] = x[l] = 1. Let r be the smallest integer greater than 0 such that

ol £ yr_l (we have r > 2 since (fi/go)™ = 1). Then U] divides
Ui R, —UyS,, which in turn divides U Ry, — UpSy. for any ¢; hence Ujj

divides Uy Ry, — UySy, for every g, so x[Q] = y][q] for j < r. To calculate

2 — 4 we introduce some notation: we let

M
(Z t,UiUM —Z') =1
1=0 j

for any polynomial "M #,UiUM . We have

(4.4.5)
gl — yﬂ
_ [q—l] ( R ZS dla— l)w,i) a— 1]( . S d(q—1)w7j>
izlxz (R.)'( Zyj (S.) .
For any i < r, we have J:H = yl[ ]1, so (UoRy): = (U1S,);. Hence, we
have

((Roy (s ™)

for j > 0. For j = 0, we have
(5277) = (o= @ =y o) st ).

= (RosZ ) (@l =yl

T

= ((Rapr s )

r—1 r
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since y” m[l] 1.

Using equation (4.4.5), we see that

qu] _ y7[~q—]1 _ ngq—ll ((Rw)i(sw)dq“’—i)r

Zx[q (A ) )l )

r

— — r (g—Dw_,
+ <x£ff U=y (R (5™ ).

1 -1 1
= @ =y L)@ + @ -y,

We have 47" = 297 = 1, since y{! = 2!/ = 1. Thus, assuming

inductively that

gl —ylm = (g — 1)l =M,
we have

(4.4.6) 2l — oyl — gl — ),

Note in particular that ng, = r for all ¢, so nj is bounded for all £, as
desired.

Now,

i logla(a M),
1m

q—00 dw

=0
[g—1]

] ]

and 7y, = 2 — y,;. Since Sy, (1,0) is simply y,' ' = 1, we have

log |S,.,(0,1)],
10g]8,,(0, 1)

q—00 dqw q—00 dqw

Y

which give us (4.4.3) and thus completes our proof.
U

4.3. Proofs of the main theorems. Now, we can show that the
integral fpl log |t — Bludpi, can be computed by taking the limit of
the average of log |3 — w/|, on the points in p~*(a), as k — oo, for any

nonexceptional point a.

Theorem 4.5. Let o = [s : u] be a nonexceptional point in PY(K).
Then for any nonzero polynomial F(t) € K[t| we have

o1
/pl(cv) log |F|, dptg,, = kh_}rglo o Z log |F'(w)],-

oF ([ 1])=a
F(w)#0

where the [w : 1] for which o*([w : 1]) = « are counted with multiplicity.
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Proof. The polynomial F factors as F(t) = v [[;_,(t — ;) where y and
Bi,..., 0, are elements of K. For each (3;, the multiplicity of 3; in
(¢*)*a is at most r((p*)*a) (where r((¢*)*a) is defined as in Section

3). Since « is not exceptional, we have limy_, % = 0, by Lemma
3.3. Thus,
" o1
Jm = D doglw =Bl = lim oy loglw — Bl
¢* ([w:1])=cx o*([w:1])=a
w#B; F(w)#0

for each 3;. Hence, it suffices to show that

1
(4.5.1) / log [t — By dptpn = lim — Z log |w — S,
PL(C) koo dt L O
o* ([w:1])=c
wf
for any 3 € K.
Note that ©*([w : 1]) = [s : u] if and only if uPy(w, 1)—sQp(w, 1) = 0.
Thus, as polynomials in ¢, we have
uPp(t,1) —sQe(t, ) =n  [[ (t—w),
ok ([w:1])=[s:u]
where 7, € K. We write
uPy(t, 1) — sQr(t, 1) = (t — 5)“*G(t, 1)

for a polynomial Gy, such that G(3,1) # 0, as in Proposition 4.3. Note

that
Gty =n [] (t-w.

" ([wi1])=a
wif

Plugging ( in for ¢ and taking logs of absolute values gives
(4.5.2) log |Gr(B. 1)y =logmelo + > log|w — Bl

" ([wi])=[s:ul
wf

Applying Proposition 4.3 therefore yields

1 1 v
lim — Z log]w—ﬂ|v+og|nk|

koo dF o @
(4.5.3) T
iy Logmax(|P(8, D, [Qk(5, 1))
e dk ’

Now, writing

uPy(Ty, Th) — sQu(To, Th) = 11" Vi (To, Th)
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for some polynomial Vj such that Vj(1,0) # 0, we see that n, =
Vi(1,0). Applying Proposition 4.3, we obtain

o loglmely . logmax(|Py(1, 0)l, [Qk(1,0)]1)
k—oo  dF f—s00 ¥

Substituting this equality into (4.5.3) gives

(4.5.4)
. 1 . lOgmaX("Pk(BJl)lU?|Qk(671)|v)
fin e | 2 loglw= Bl = lin @
¢* ([w:1])=a
fw: 1]£5
o logmas(IPL(1L, )L, Q4(1,0)1)
k—oo dk
Using Definition 2.2, we obtain (4.5.1). O

Now, we show that the same result holds when we average log |5—w]|,
over periodic points rather than inverse images of a point.

Theorem 4.6. For any any polynomial F € K|[t] we have

1
log |F|, dpy, = lim — log | F(w)]s,
/Pl((cv) ’ Z

k—oo dF
ot (wrA])=[er1]
F(w)#0
where the [w : 1] for which ¢*([w : 1]) = w are counted with multiplicity.

Proof. As in the proof of Theorem 4.5, it will suffice to show that

1
(4.6.1) / log |t — B, dptyn = lim — Z log |w — S,
P1(Cy)

k—oo dk
o ([wi1])=[w:1]
w#p

for any 3 € K (this follows from the fact that the multiplicity of each
B; as a k-periodic point is bounded for all £ by Proposition 4.4).
We have o*([w : 1]) = [w : 1] if and only if Py, (w, 1) —wQ(w, 1) = 0.
Thus,
Po(t,1) —tQu(t, ) =% ] (t-w),
o ([w:1])=[w:1]

for some v, € K. We write
Py(t, 1) — tQu(t, 1) = (t — 5)”’“Hk(t, 1)
for a polynomial Hj, such that Hg(3,1) # 0. We have
Hy(t, )=y [ -w).

" ([w:1])=fw:1]
wf
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Then, plugging ( in for ¢, taking logs of absolute values, and applying
Proposition 4.4 gives

fm =y og|B—wly + =

k(fw:1])=[w:
(462) @" (] wljé)ﬂ[ 1]

— lim logmax(|Pk(ﬁ, 1)’1)7 ’Qk(ﬁ7 1)|v).
k—oo dk

Writing
TV Py(To, Th) — ToQw(To, Th) = T Wi (To, Th)

for a polynomial W}, such that Wy (1,0) # 0, we see that v, = Wy(1,0).
By Proposition 4.4, we have

o 08l (o logmax(|Pi(1,0)u, [Q(L, 0)])

Combining this equality with (4.6.2) and Definition 2.2 yields (4.6.1).
U

We are now ready to prove the results regarding the computation of
the canonical height h,(5). First, well need a lemma.

Lemma 4.7. Let 3 = [a : b] in PY(K). Let [a1 2 bil, ... [ar : bi] be the
conjugates of [a : b] under the action of Gal(K/K). Then

(4.7.1)
[K(B) : K](deg K)hy(la : 0])
“~ log max(| Py (ai, b;) |, |Qr(ai, b;)|)

= Jim, dk

places v of K i=1

Proof. For all but finitely many v, we have |a;|, = |b;|, = 1. Further-
more, for all but finitely many v, we have

(4.7.2) log max(|Py(s,t)|y, |Qk(s,t)]s) =0

for all k& whenever |s|, = |t|, = 1. This is true, for example, at all
nonarchimedean v of good reduction for ¢ in the sense of [PST04].
Indeed, when v is a finite place, (4.7.2) will hold for all |s|, = |t|, =1
unless either | Res(P (7o, 1), Q(To,1))], or |Res(P(1,T1), Q(1,T1))|, is
less than 1, where Res is the usual resultant of two polynomials (see
[BK86, p. 279, Proposition 4]). Thus, we can interchange the limit and



EQUIDISTRIBUTION AND GENERALIZED MAHLER MEASURES 23

the sum on the right-hand side of (4.7.1) so that

lim

k—oo

k

Z i logmax(|Pk(ai,2¢)|v, |Qr(ai, bi)lo)

places v of K i=1

(4.7.3)

Z hm Z logmax(]Pk(al,dk)]U, |Qr(as,b;)]w )

places v of K =1

Now, let L be the field K () and let w be a place of L that extends the
place v of K; we write w | v. The field L has n embeddings i : L < C,;
for exactly [L,, : K] of these embeddings, we have |i(z)|, = ||, for
all x € L. This yields [L,, : K,] conjugates [a’ : V] of [a : b] such that
la|, = |d|, and |bl,, = |V|,,. Hence, we see that

Z log max (| Py (@i, b;)|v, |Qr(ai, bi)|v)

=1

= Z[Lw : Kv] logmaX(|Pk<a7 b)|w7 |Qk<a7 b)|v)

wlv

Thus, we have

Z Zlogmax | Pe(ai, bi)lo, [Qr(as, bi)])

places v of K i=1

= [K () : K)(deg K)h(¢"([a : 1)),
by (1.0.5). It follows from (1.0.6) and (4.7.3) that we therefore have

Z lim Z log maX(|P/€(audzk)|vv |Qk(au 2)|v)

places v of K i=1

K(B) : K)(deg k) tim 20 :b)

k—o0 dk

= [K(P) : K](deg K)hy([a : b]).

O

Theorem 4.8. Let a be any point in P(K) that is not an exceptional

point of ¢. Then, for any 3 € K and any nonzero irreducible F € K[t]
such that F(B) = 0, we have

(deg K)(deg F)(hy(B) — hy(00))
lm o S o Flw)l,

places v of K oF ([w:1])=a
F(w)#0

where the [w : 1] for which o*([w : 1]) = « are counted with multiplicity.

I
(]
3
|
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Proof. Write F(t) = v][;_,(t — ;) where v € K and the (; are the
conjugates of 3 under the action of Gal(K /K). By the product formula,
we have >y of & [7lo = 0. Thus, using Theorem 4.5 and Definition

2.2, we see that
o1
> Jim > log|F(w)l,

places v of K ok ([w:1])=a
F(w)#£0
1 -
= D, Jmg > legl][(w-5)
(4.8.1) Places v of K P (wi)=a =1 v
F(w)#0
_ i iy 108 max(|Pe(Bi, Do, [Qk(Bi; Do)
= k—o0 dk
. logmax(| Py (1, 0)|o, |Qk(1,0)l].)
~ (e ) iy Z |

By Lemma 4.7, the quantity on the last two lines is equal to

(deg F)<deg K)(hcp(ﬁ> - hw(oo)),
as desired. O

Theorem 4.9. For any 3 € K and any nonzero irreducible F € K[t]
such that F(3) = 0, we have

(deg K)(deg F)(hy(B) — hip(o0))

= Y Jmg Y lelFw)l

k—o0
places v of K oF ([w:1])=[w:1]
F(w)#£0

where the [w : 1] for which ¢*([w : 1]) = w are counted with multiplicity.

Proof. The proof is the same as the proof of Theorem 4.8, using The-
orem 4.6 in place of Theorem 4.5. U

5. A COUNTEREXAMPLE

The main theorems of this paper are not true when we work over
the complex numbers C rather than K. Let K = Q and let o([x :
y]) = [ : y?] be the usual squaring map. Let v be the archimedean
place of QQ, so that C, is just the usual complex numbers C. We define
the function ¢ on the positive integers recursively by ¥ (1) = 2 and
Y(n) = 20001 Let o = 3 °°  1/1h(n) and let 8 = e*™. Note that
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for any ¢, we have [e*™ — 1| < 7(t — [[t]]), (where [[t]] is the greatest
integer less than or equal to t). Letting ¢, = log, ¥(n), we then have

1 ~log|pv™ —1]
o0 w;n:llog o =Bk =="0m
< w(l Jlog(x (b(m)a — [[w(n)a]])

Y 1
ke ( T+ 1) 2 2w<n+1>>

<logm+1—nlog2+log2.

Thus, 5= > 2ta_, 10g |6 — w\v goes to —o0 as n — 00, SO

lim — Z log |w — S,

k—o0 2k
w2k =1

does not exist.

6. APPLICATIONS AND FURTHER QUESTIONS

6.1. Lyapunov exponents. The Lyapunov exponent of a rational
map ¢ : PL — Pg is defined as

L) = / log | Dlldu,
PL(C)

where D is the usual derivative, || - || is any metric on P!, and p,
is the unique measure of maximal entropy measure for ¢ on P!; this
measure of maximal entropy is the same as the Brolin-Lyubich measure
discussed in Section 2. Choosing coordinates [T : T1] for Pg, letting
t =To/T, and writing p(t) = P(t)/Q(t) for polynomials P and @, we
have

L(p) = / log |¢'|djs,.
PL(C)

The Lyapunov exponent can be computed via equidistribution on
certain subsequences of inverse images of nonexceptional points in P*(C)
(see [DeMO03], [Man88]). That is, given a nonexceptional point « in
P!(C), there is an infinite strictly increasing sequence of integers (m;)52,
such that |

L(p) = lim ———— Y~ log|¢'(8)].
= (deg o)™ ¢™i(B)=a

' (8)#0
B0
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It is not known, however, if L(¢) can be computed by taking the limit
of the average ¢’ on the periodic points of ¢.

When ¢ is defined over a number field K, however, we obtain the
following result as a corollary of Theorem 4.6.1.

Corollary 6.1. Let K be a number field and let ¢ : Pt — Pg be a
nonconstant rational map that is defined via base extension from a map
¢ : P} — P Let ¢ be defined as above. Then

, 1
L(p) = lim ——— > log|¢(¢)].
koo (deg )" o
' (§)#0
oo

/

Proof. We may write ¢’ as a quotient of polynomials A(t)/B(t) with
coefficients in K. This yields log |¢/(t)| = log|A(t)| — log |B(t)|. The
corollary then follows immediately from Theorem 4.6. U

This corollary says that the Lyapunov exponent of a rational function
¢ defined over a number is completely determined by the derivative of
¢ at the periodic points of . This means that the derivative of ¢ at
the periodic points of ¢ also determines the Hausdorff dimension of the
Julia set (see [FLM83]).

6.2. Symmetry of canonical heights. In [ST|, we show that when
00 is not in the v-adic Julia set of ¢ for any archimedean v, we have

(6.1.1) lim ik > h(w) = lim % > hyl8).

k—o00
o ([ws1])=[uw:1] P

This can be thought of as a symmetry relation, connecting h of the -
periodic points with h,, of the roots of unity. The proof uses Theorem
4.9 along with Lyubich’s equidistribution theorem ([Lyu83]) and some
adelic intersection theory (see [Zha95] and [Zha92]). We are also able
to use Theorem 4.9 to prove that

Be(B) = h(B) < lim — S h(w) + hy(00) + log2.

k—o0
ok ([wi1])=[uw:1]

Our proof of (6.1.1) does not work when oo is in the v-adic Julia set
of ¢, for in that case the local height h, is not bounded on the v-adic
Julia set. Unfortunately, the v-adic Julia set is all of P*(C,) when v is
archimedean for many of the most interesting rational maps ¢. This
is the case, for example, when ¢ is the map obtained by taking the
multiplication-by-2 map on an elliptic curve and modding out by the
hyperelliptic involution (such a map is called a Lattes map).
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On the other hand, the usual local height h,(t) of an element ¢ € C,
is simply max(log [t,,0), which is only a little bit different from log |¢|,,
and Theorem 4.6 proves a suitable equidistribution theorem for log |¢|, .
We hope to extend the techniques of this paper so that we can prove
an analog of Theorem 4.6 for functions such as max(log |¢|,,0).

6.3. Computing with points of small height. The results in [Bil97],
[Aut01], [BRO5], [FRLO4b], [FRLO04a], and [CL04] all apply not only
to the periodic points and backwards iterates of a point that we treat
in this paper but to all points of small height in the algebraic closure
of a number field K. For example, one the main theorems in [BR0O5],
[FRLO4b], [FRL04a], and [CL04] states that for any continuous func-
tion g on P*(C,) and any infinite nonrepeating sequence of points (c,)
in P*(K) such that lim,_.o h,(cy,) = 0, one has

1
6.1.2 lim ——— ac :/ Ay,
(6.12) o ey 2 S = [ gdi

ceGal(an)

where Gal(a,,) is the Galois group of the Galois closure of K () over
K.

Baker, Th, and Rumely ([BIR05]) and Autissier ([Aut]) have pro-
duced counterexamples that show that (6.1.2) does not always hold
when the function ¢ is replaced with log|F|, for F' a polynomial.
All of these examples involve infinite nonrepeating sequences of points
() € Q such that lim, o h(a,) = 0 and

1 ! :
lim ——— ) log|ag — 2| %/ log |¢*™ — 2|d6.
0

n—oo | Gal(ay,)| oeGal(an)

The points (ay,) are not preperiodic in any of these examples Thus,
it may be possible to prove that the main results of this paper continue
to hold when we work with any nonrepeating sequence of Galois or-
bits of preperiodic points. This would imply the following conjectured
generalization of Siegel’s theorem for integral points.

Conjecture 6.2 (Ih). For any nonpreperiodic point 3 € PY(K), there
are at most finitely many B-integral preperiodic points of ¢ in P(K).
(Here, « is said to be B-integral if the Zariski closure of a does not
meet the Zariski closure of 3 in IP%K, where O is the ring of integers

of K.)
Baker, Th, and Rumely have proven that this is true when ¢ is a
Lattes map or the usual squaring map = +— 22 . Using Theorem 4.9

and arguing as in [BIR05], it is possible to derive the following weak
version of Th’s conjecture in general.



28 L. SZPIRO AND T. J. TUCKER

Proposition 6.3. For any nonpreperiodic point 3 € PY(K), there are
at most finitely many n such that all o € PY(K) of period n are [3-
integral.

REFERENCES

[Aut] P. Autissier, letter to L. Szpiro, September 2005.

[Aut01] , Points entiers sur les surfaces arithmétiques, J. reine. angew.
Math 531 (2001), 201-235.

[Bak75]  A. Baker, Transcendental number theory, Cambridge University Press,
Cambridge, 1975.

[Ber90] V. G. Berkovich, Spectral theory and analytic geometry over nonar-
chimedean fields, AMS Mathematical Surveys and Monographs, Ameri-
can Mathematical Society, Providence, 1990.

[Bil97] Y. Bilu, Limit distribution of small points on algebraic tori, Duke Math
89 (1997), 465—476.

[BIR05] M. Baker, S. I. Th, and R. Rumely, A finiteness property of torsion points,
2005, preprint, 30 pages.

[BK86]  E. Brieskorn and H. Knérrer, Plane algebraic curves, Birkhduser, Basel,
1986, Translated by J. Stillwell.

[BR0O5] M. Baker and R. Rumely, Fquidistribution of small points, rational dy-
namics, and potential theory, Ann. Inst. Fourier (2005), to appear. Avail-
able at arxiv:math.NT/0407426, 50 pages.

[Bro65]  H. Brolin, Invariant sets under iteration of rational functions, Ark. Mat.
6 (1965), 103-144.

[CG97] G. S. Call and S. Goldstine, Canonical heights on projective space,
J. Number Theory 63 (1997), 211-243.

[CLO4]  A. Chambert-Loir, Mesures et équidistribution sur les espaces de
Berkovich, preprint. Available at arxiv:abs/math.NT/0304023, 20
pages, 2004.

[CS93] G. S. Call and J. Silverman, Canonical heights on varieties with mor-

phism, Compositio Math. 89 (1993), 163-205.

[Dav95]  S. David, Minorations de formes linéaire de logarithmes elliptiques, Mem.
Soc. Math. France 62 (1995), 143 pp.

[DeM03] L. DeMarco, Dynamics of rational maps: Lyapunov exponents, bifurca-
tions, and capacity, Math. Ann. 203 (2003), 43-73.

[EF96] G. Everest and Brid Ni Fhlathiin, The elliptic mahler measure, Math.
Proc. Cambridge Philos. Soc. 120 (1996), 13-25.

[EW99] G. Everest and T. Ward, Heights of Polynomials and Entropy in Alge-
braic Dynamics, Springer-Verlag, New York, 1999.

[FLM83] A. Freire, A. Lopes, and R. Mane, An invariantmeasure for rational
functions, Boletim da Sociedade Brasileira de Matematica 14 (1983),
45-62.

[FRLO4a] C. Favre and J. Rivera-Letelier, E’quidistribution des points de petite
hauteur, preprint. Available at arxiv:abs/math.NT/0407471, 34 pages,
2004.

[FRLO4b] _ | Théoréme d’équidistribution de Brolin en dynamique p-adique,
C. R. Math. Acad. Sci. Paris 339 (2004), no. 4, 271-276.



EQUIDISTRIBUTION AND GENERALIZED MAHLER MEASURES 29

[Lang3]
[Lang]
[Lyus3]
[Mah60]

[Mafi88]

[MS95]

[PSTO04]

[Rot55]

[Sch74]

[Sie29]
[ST]
[SUZ97]
[Zha92]

[Zha95]

S. Lang, Fundamentals of diophantine geometry, Springer-Verlag, New
York, 1983.
, Introduction to Arakelov theory, Springer-Verlag, New York,

1988.

M. Lyubich, Entropy properties of rational endomorphisms of the Rie-
mann sphere, Ergodic Theory Dynam. Systems 3 (1983), 351-385.

K. Mahler, An application of Jensen’s formula to polynomials, Mathe-
matica 7 (1960), 98-100.

R. Mane, The hausdorff dimension of invariant probabilities of rational
maps, Dynamical Systems, Valparaiso 1986 (R. Bamon, R. Labarca, and
J. Palis, eds.), Springer-Verlag, 1988, pp. 86-117.

P. Morton and J. H. Silverman, Periodic points, multiplicities, and dy-
namical units, J. Reine Angew. Math. 461 (1995), 81-122.

J. Pineiro, L. Szpiro, and T. Tucker, Mahler measure for dynamical sys-
tems on P! and intersection theory on a singular arithmetic surface,
Geometric methods in algebra and number theory (F. Bogomolov and
Y. Tschinkel, eds.), Progress in Mathematics 235, Birkh&user, 2004,
pp. 219-250.

K. F. Roth, Rational approzimations to algebraic numbers, Mathematika
2 (1955), 1-20, corrigendum, ibid. 2 (1955), 168.

A. Schinzel, Primitive divisors of the expression a™ — b™ in algebraic
number fields, J. Reine Angew. 268/269 (1974), 27-33, Collection of
articles dedicated to Helmut Hasse on his seventy-fifth birthday, II.

C. L. Siegel, Uber einige anwendungen diophantishcer approximationen,
Abh. Preuss. Akad. Wiss. Phys. Math. K1. (1929), 41-69.

L. Szpiro and T. Tucker, Symmetry of canonical heights of periodic
points, In preparation.

L. Szpiro, E. Ullmo, and S. Zhang, Fquirépartition des petits points,
Invent. Math. 127 (1997), 337-347.

S. Zhang, Positive line bundles on arithmetic surfaces, Annals of Math
136 (1992), 569-587.

, Small points and adelic metrics, J. Algebraic Geometry 4 (1995),
281-300.

LuUcCIEN SZPIRO, PH.D. PROGRAM IN MATHEMATICS, GRADUATE CENTER OF
CUNY, 365 FirTH AVENUE, NEW YORK, NY 10016-4309
E-mail address: 1szpiro@gc.cuny.edu

THOMAS TUCKER, DEPARTMENT OF MATHEMATICS, HYLAN BUILDING, UNI-
VERSITY OF ROCHESTER, ROCHESTER, NY 14627
FE-mail address: ttucker@math.rochester.edu



